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' Abstract 

^ i For the Hardy space HP(M.'^'), < p < I, we shall improve a Hardy's type in- 

equality associated with Dunkl transform respect to the measures djlk homogeneous 
of degree 7, on the strip (2/ + (i)(2 — p)<a<2Y + d + p{N + 1), where = 
[{2y + d){\ / p — 1)] is the greatest integer not exceeding (27+<i)(l/ p — \). 
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1 Introduction 

> ■ 

^ . In recent years the topic of Hardy type inequalities and their applications seem to have 

CN ! grown more and more popular. Although Hardy's original result dates back to the 1920's, 

some new versions are stated and old ones are still being improved almost a century later. 
One of the reasons for the popularity of Hardy type inequalities is their usefulness in 
cr^ ■ various applications. 

The first definition of Hardy spaces was in terms of analytic functions in the unit disc 
and their boundary values. In the last two decades, the theory was developed in by 
^ \ real variable methods like Poisson integrals, Riesz transforms, and maximal functions. 

^ \ The subsequent discovery of the atomic decomposition theory of HP{W^) spaces marks 

an important step of further developments on its real variable theory. Using the grand 
maximal function, R. Coifman fT] first shows that an element in HP{W^) can decomposed 
into a sum of a series of basic elements. Then the study on some analytic problems 
on HP(R^) is summed up to investigate some properties of these basic elements, and 
therefore the problems because quite simple. Taibleson and Weiss [|T5l gave the definition 
of molecules belonging to HP, and showed that every molecule is in HP with continuous 
embedding map. By the atomic decomposition and the molecule characterization, the 
proof of HP boundedness of the operators on Hardy space becomes easier. The theory of 
HP have been extensively studied in [[6l |7l [El 

In the setting of the euclidian case, Hardy's inequality for Fourier transform asserts 
that for all / G //^(M^) , < p < 1 



'^^^^'V^<ll/ll^.,wv 0<p<l (1) 
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where HP{W^) indicates the real Hardy space. Recently, an extension has been given by 
[fTOl . the latter establish a Hardy's type inequality associated with the euclidean Fourier 
transform for over critical exponent o > d{2 — p). 

In the same context we prove a Hardy's type inequality associated with Dunkl trans- 
form. We consider the differential-difference operators Tj, j = 1, on M'^ introduced 
by C.F. Dunkl in |l3l and called Dunkl operators in the literature, associated with the finite 
reflection group G and the multiplicity function k, are given for a function / of class 
on M'^ by 

my) ^ ^/W+ I *(a)«,M^. 

For J G , the initial problem Tju {.,y){x) = yju{x,y); j = 1 , . . . , J with m (0, y) = 1 admits 
a unique analytic solution on M^, which will be denoted by Ei({x,y) and called Dunkl 
kernel [4J. This kernel has a unique analytic extension to x C''. The Dunkl kernel has 
the Laplace-type representation [1111 



where -<y,z >-:= Yfj=\ Jj^j and is a probability measure on , such that suppiTx) C 

{zGM^ : |z| < |jc|}. 

In particular cases, we have 

\E,,{x,y)\<\, x^yeW^. (2) 

The Dunkl kernel gives rise to an integral transform, which is called Dunkl transform 
on M"^, and it was introduced by Dunkl [[51, where already many basic properties were 
established. Dunkl's results were completed and extended later on by de Jeu [12]. The 
Dunkl transform of a function / G {W^) is 



^&{f){x) ■.= Ck / Eki-ix,y)f{y)d^k{y), 



X G 



where Ck is the Mehta-type constant given by c,t = J^d e j . We denote by 

dUk the measure on given by diik{y) := Wk{y)dy and by L^(W^) , < p < 0°, the space 
of measurable functions / on M"^, such that 



4 = I \fiy)\^'^i^k{y) ] , if > and = ess sup \f{y)\. 



In this paper, we obtain an improved Hardy's type inequality associated with the 
Dunkl transform. So, for the Hardy space HP{W^), < p < I we establish a Hardy's 
type inequality for the strip {2Y+d){2- p) <o < 2Y+d + p{N+l). 

Throughout this paper, C stands for a positive constant that can be changed from line 
to line. 
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2 Preliminaries : (Reflection groups, Root systems and Multiplicity functions) 

Let us begin to recall some results concerning the root systems. A useful reference for 
this topic is the book by Humphreys [l9l. 

We consider with the euclidean inner product -< ., . and norm \y\ := v^^^^J^- 
For a G R'^ \ {0}, let ace be the reflection in the hyperplane Ha C orthogonal to a, i.e 

(yay-=y r-^ — «• 

\^\ 

A finite set ^ C M"^ \ {0} is called a root system, if ^nM. « = {-«, a} and = ^ for 
all a G M. We assume that it is normalized by = 2 for all a G For a root system 
the reflections Oa.oc G generate a finite group G C 0(d), the reflection group 
associated with All reflections in G correspond to suitable pairs of roots. For a given 
j8 eW'\\Ja(..^Ha, we fix the positive subsystem ^+ := {a e M :-< a,/3 0}. Then, 
for each ae^ either a e or a G . Let : ^ — )■ C be a multiplicity function on ^ 
(i.e. a function which is constant on the orbits under the action of G). For abbreviation, 
we introduce the index 

r=rk-= £ k{a). 

Throughout the paper, we assume that the multiplicity is non-negative, that is, k{a) > 
for all a E Moreover, let Wk denote the weight function 

which is G- invariant and homogeneous of degree ly. 

3 Hardy-type inequality 

The atom decomposition theory of i/^(R^) spaces marks an important step of further 
developments on its real variable theory. Using the grand maximal function, R. R. Coif- 
man [IJ first shows that an element in HP(R) can decomposed into a sum of a series of 
basic elements. Then the study on some analytic problems on HP{W^) is summed up to 
investigate some properties of these basic elements, and therefore the problems because 
quite simple. These basic elements are called atoms. Let us now make the definition of 
an atom. 

Definition 1. Let 0<p<l<q<oo with p ^ q. A function a{x) G ViW^) is called a 
(p, q, s) -atom with the center at xq, if it satisfies the following conditions 

( i) Supp a d B{xQ,r) 

i_i 

II«IIl?(R'') < \B{xQ,r)\i p\ 



3 



(Hi) J^d a{y)y^dHkiy) = 0, for all monomials y^ with \i\ < s with s >N = {2Y+d){j^ — 
where [ . ] denotes, as usual, the "greatest integer not exceeding" function. 

Here, (z) means that an atom must be a function with compact support, (//) is the 
size condition of atoms, and (zzz) is called the cancelation moment condition. Moreover, 
B{xo,r) is the ball centered at xq with radius r Clearly, a{p,oo^s) atom must be a{p,q,s) 
atom, if p < ^ < oo. 

Using the atomic decomposition, we define the Hardy space HP{W^) to be the col- 
lection of functions / satisfying / = 'E'J=oPj'^j^ where aj are //^(M^)-atoms and fij is a 
sequence of complex numbers with E7=o l/^jl^ < °°- HP{W^) is equipped with a norm as 
follows 

oo 

ll/ll//.(E^)=inf{i:i/3;r|, 
where the infimum is taken over all atoms decompositions of /. 

Theorem 1. Let < p < 1 , and N = [(ly+d) ( 1 /p — 1 )] , the greatest integer not exceed- 
ing (27 + J) (1/;? ~ !)• Then for any f E HP{W^) the Dunkl transform of f satisfies the 
following Hardy 's type inequality 



provide that 



{2Y+d){2-p)<o <2Y+d + p{N+\) (4) 
where C is a constant does not depends on f. 

Remarks 1. 

1 . Note that the collection of all real o satisfying the condition (HI) is a nonempty set 
since 2Y+d + p{N +\) - {2Y+d){2- p) > 0. 



2. For the critical case Gq = (27+ d) (2 — p) has been extensively studied in [[T4|. 

3. It would be interesting to know if this is the best possible improved. 

Proof. Let / = L7=o 1^]*^] ^ HP{W^) , being element of Hi^{W^) where aj are atoms. Since 
< p < 1 it follows 

In order to prove the theorem, it is enough to prove, 

\^^if)iy)\' 
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d^kiy) < c. (5) 



Let us now take p an arbitrary nonnegative real number, and decomposing the left hand 
side of Q as 



\y\<P \y\'' 

SI+S2. 



i>P \yY 



To estimate 5i ; we may use Taylor's theorem in several variables with integral's remainder 
for the function y \ — )■ Ej^(ix,y), we obtain 



Ek{ix,y) = +RN+i{x,y), 

n=0 



where 



RN+\{x,y) 



1 



1)!^ 



'\-t 



and V/t is the intertwining operator (see, [31 US), defined on C[R^] (the algebra of poly- 
nomial functions on W^) by 



Since j^daj{y)y^dilk{y) = 0, for every \l\ < N where = (2/ + - 1' 
write 



we can 



lB{0,r) 

Hence, from ©, it follows that 



Ek{-ix,y)-l^ — 

n=0 



aj{y)d{Xkiy), xeR'^. 



\^&{aj){x)\<Ck / \RN+i{x,y)\\aj{y)\dilk{y). 

JB(0,r) 



But it is clear that 



\RN+i{x,y) \ < 



1 



-[\x\.\y\] 



N+l 



iN+\)l 

Now with the help of properties (/), (ii) and (Hi) for a(;?,oo,5)-atoms of HP{W^), we get 
the following results 

\^S^{aj){x)\ < cf \xr'\yr'^k{B{0,r))-T^d^k{y) 

JB{Q,r) 
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where we have used (see, [fT6l ). 

r2y+d 

iUfe(5(0,r)) 



Cfc2r+rf/2r(7+J/2 + l)' 
Integrating with respect to the measure dilk over the domain < |j| < p, we obtain 

Ay\<p \yr Ay\<p 

< c^-(2r+rf)+p(^+2y+d+i)p2y+rf+p(A'+i)-a 

that is 

5i < Cr"(2y+^0+p(A'+2y+rf+i)p2y+rf+p(A'+i)-(T 

provide that a < 2Y+d + p{N+ 1) which follows from the inequality dH). 

Now to estimate 52, we may apply Holder's inequality for ^ = ^ and Plancherel for- 



mula to get 



1 



2-P 
2 



provide that (2y+^)(2-p) ^ which is a consequence of the left hand side of (HI). Taking 
into account that 



(2y+d)(2-p) 

< Cr p . 

„ (2y+rf)(2-p) 

We obtain Hayl^jm^/A <C r 2 and hence, 



(2y+rf)(2-;>) (2y+rf)(2-;.) 

52<Cr 3 p 3 (7) 

Case 1 . If c7o = (2/+ d) (2 - jc). We put p = i, V r > 0, then we have 5i < C and 

S2<C. 

Case 2 . If (27 + (i)(2 -;?) < a < (27+(i) +;?(A^+ 1). We shall discuss the cases 
< r < 1 and r > 1. 
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Hence, in order to deal with the case < r < 1, we need more precise estimates, so 
we consider the set Tp ; the collection of all numbers p satisfying 



{2Y+d){2-p)-2a ' - " {ly+d) + p{N +1) - a 

To prove that the collection Tp above is nonempty set it is enough to prove that 

{2r+d){2-p) ^ (2r+d)+piN+l)-a ^ ^ 
{2Y+d){2-p)-2a {2Y+d) - p{N +1 + {2r+d)) ' 

which is a different formulation of the hand side of dU, that is {2Y+d){2 — p) < o. 
Using the fact that (2/+ J) + p{N+l) - a >0 and the right hand side of ^ it follows 
that 

5i < Cr^('2r+d)+piN+2r+d+i)p2r+d+p{N+i)-a < ^ ^^^q^ 

Using the left hand side of ^ and the fact that (^y+^^K^-p) _ (j < o, we obtain 

S2<C. (11) 

Combining (flOl) and (fTTI) the result follows for the case < r < I. 
Now, to deal with the case r > 1 , we may take 

2Y+d-p{N+l+2Y+d) 

p = r 2r+d+p(A'+i)-(T (12) 
so, using the fact that r > 1 , we obtain 

(2y+rf)(2-p) 

P = f-i2Y+d]{2-p)-2a _ (13) 

Combining (fT2l) and ([T]) together with (fTJt . the proof of the main theorem is com- 
pleted. 
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